We present a new effective medium theory that can include bending as well as stretching forces, and we use it to calculate mechanical response of a diluted filamentous triangular lattice. In this lattice, bonds are central-force springs, and there are bending forces between neighboring bonds on the same filament. We investigate the diluted lattice in which each bond is present with a probability p. We find a rigidity threshold independent of filament bending rigidity at p b ≃ 0.56 and a crossover characterizing bending-, stretching-, and bend-stretch coupled elastic regimes controlled by the central-force isostatic point at pCF = 2/3 of the lattice when bending forces vanish.
I. INTRODUCTION
Random elastic networks provide attractive and realistic models for the mechanical properties of materials as diverse as randomly packed spheres [1] [2] [3] , network glasses [4] [5] [6] [7] [8] , and biopolymer gels [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In their simplest form, these networks consist of nodes connected by central-force (CF) springs to on average z neighbors. They become more rigid as z increases, and they typically exhibit a CF rigidity percolation transition [21] [22] [23] from floppy, disconnected clusters to a sample spanning-cluster endowed with nonvanishing shear and bulk moduli at a threshold very close to the Maxwell isostatic limit [24, 25] z CF = 2d, where d is the spatial dimension, at which the number of constraints imposed by the springs equals the number of degrees of freedom of isolated nodes. Generalized versions of these networks, appropriate for the description of network glasses [4, 5] and biopolymer gels [13] [14] [15] , include bending forces favoring a particular angle between bonds (springs) incident on a given node. For a given value of z, networks with bending forces are more rigid than their CF-only counterparts, and they exhibit a rigidity transition at z = z b < z CF .
Though numerical calculations, including the pebble game [23, 26] , have provided much of our knowledge about the properties of random elastic networks, effective medium theories (EMTs) [27] [28] [29] [30] [31] [32] [33] have provided simple and qualitatively correct descriptions of CF networks. EMTs [34] [35] [36] and heuristic approaches [37] that describe both bending and stretching forces have only recently been developed. Here we present details of the derivation of a bend-stretch EMT introduced in Ref. [35] and its application to a bond diluted triangular lattice, whose maximum coordination number is z max = 6. This lattice has bending and stretching forces modeled on those of biopolymer networks of filamentous semi-flexible polymers, characterized by one-dimensional stretching and bending moduli µ and κ [13] [14] [15] , respectively. Our EMT calculates the effective medium moduli µ m and κ m as a function of µ and κ and the probability p = z/6 that a bond is occupied. Both the EMT bulk and shear modulus are proportional to µ m . When κ = 0, our EMT rigidity thresholds respectively at p = pCF and p = p b , the bending-dominated regime at small κ in the vicinity of p b , the crossover bend-stretch regime near pCF, and the stretching dominated regime at large κ.
reduces to that considered by others [29, 30] and successfully predicts a second-order CF rigidity threshold at z CF = 4 < z max (p CF = 2/3) with µ m increasing linearly in p − p CF near p CF and approaching the undiluted triangular-lattice value of µ at p = 1. When bending forces are introduced, our EMT predicts a new second-order bending dominated rigidity threshold at p = p b = 0.56 for all κ > 0 near which µ m ∼ κ(p − p b ) for κ/(µa 2 ) ≪ 1 and µ m ∼ µ(p − p b ) for κ/(µa 2 ) ≫ 1, where a is the lattice spacing. Near p CF , κ is a relevant variable moving the system away from the CF rigidity critical point to a broad crossover regime [35, 37] in which µ m ∼ κ 1/2 µ 1/2 as shown in the phase diagram of Fig. 1 . This crossover is analogous to that for the macroscopic conductivity in a resistor network in which bonds are occupied with resistors with conductance σ > with probability p and with conductance σ < < σ > with probability 1 − p [38] .
Though the model we study has both stretching and bending forces, it differs in important ways from previously studied models for network glasses [4] [5] [6] [7] [8] and for filamentous gels [13] [14] [15] [16] [17] [18] [19] [20] . The maximum coordination number for both of these systems is less than or equal 2d, and thus neither has a CF rigidity transition for p < 1 when there are no bending forces. As a result neither exhibits the bend-stretch crossover region near p CF that our model exhibits. Network glasses are well modeled by a randomly diluted four-fold coordinated diamond lattice in which there is a bending-energy cost, characterized by a bending modulus κ, if the angle between any pair of bonds incident on a site deviates from the tetrahedral angle of 109.5 deg. The architecture of the undiluted diamond lattice (with z max = 4 < 2d = 6) is such that its shear modulus vanishes linearly with κ [7] and elastic response is nonaffine. When diluted, it exhibits a second-order rigidity transition from a state with bending-dominated nonaffine shear response to a state with no rigidity. As dilution decreases, rigidity is still controlled by κ, but response becomes less nonaffine.
Filamentous networks in two-dimensions are often described by the Mikado model [14] [15] [16] in which semiflexible filaments of a given length L are deposited with random center-of-mass position and random orientation on a two-dimensional plane and the points where two filaments cross are joined in frictionless crosslinks. As in our model, there is no energy cost for the relative rotation of two rods about a crosslink, but there is an energy cost for bending the rods at crosslinks. This model is characterized by the ratio η ≡ L/l c of the filament length L to the average mesh size, i.e., the average crosslink separation l c > a along a filament, where a is a minimum cutoff length. In the limit η → ∞, all filaments traverse the sample, and the system has finite, κ-independent shear and bulk moduli: There is effectively a CF rigidity transition at z = 4 when η is decreased from infinity. There is a transition at η ≈ 5.9 to a rigid state with nonaffine response [14, 39] , and there is a wide crossover region between η = η c and η = ∞ in which the shear modulus changes from being bend dominated, nonaffine, and nearly independent of µ at small η to being stretch dominated, nearly affine, and nearly independent of κ at large η. Our EMT applied to the kagome lattice [40] , whose maximum coordination number like that of the Mikado model is four, captures these crossovers. Interestingly, 3d lattices composed of straight filaments with z max = 4 exhibit similar behavior [41] . When filaments are bent, however, elastic response in one case at least [20] is more like that of the diluted diamond lattice with the shear modulus vanishing with κ even at at large L/l c or z near 4.
External tensile stress (i.e., negative pressure) can cause a floppy lattice to become rigid [42] . Random internal stresses can do so as well in a phenomenon called tensegrity [25] . Thus a lattice with internal stresses may have a lower rigidity threshold than the same lattice with out internal stresses [20] . Systems such as network glasses can exhibit two rigidity transitions [8, 43] : a second-order transition from a floppy to a rigid but unstressed state followed closely by a first order transition to a rigid but stressed state. These effects are beyond the scope of your EMT and will not be treated.
The outline of our paper is as follows. Section II reviews properties of semi-flexible polymers and defines our model for the harmonic elasticity of crosslinked semiflexible polymers on a triangular lattice; Sec. III sets up our effective medium theory; Sec. IV presents the results of this theory; and Sec. V compares our EMT with other versions of bend-stretch EMTs summarize our results. There are three appendices: App. B and App. C presents details of the derivation of crossover functions in the vicinity of p CF and p b , respectively; and App. D provides details on the estimation of p b using generalized Maxwell counting arguments.
II. FILAMENTOUS POLYMERS ON A TRIANGULAR LATTICE
The elastic energy of a single polymer is well described by the worm-like chain model [14, 44, 45] of an elastic rod
where s is the arclength coordinate, L is the unstretched contour length of the polymer, dl(s)/ds andt(s) are, respectively, the extensional strain and unit tangent to the polymer at s, and µ and κ are, respectively, the onedimensional stretching and bending stiffnesses. Three length scales can be identified in this elastic energy. The first is the contour length of the polymers, L. The second, l bend ≡ κ/µ, characterizes the relative strength of stretching and bending. For an elastic rod made of a homogeneous material, l bend simply corresponds to the radius of the rod. The third length, the persistence length, l p ≡ κ/(k B T ), describes the scale of thermal undulations of the polymer at finite temperature. A fourth length, the mesh size l c characterizing the connectivity of the network, can be identified for crosslinked polymer networks. All these lengths participate in determining the elasticity of the polymer network above the rigidity threshold. Consider the force constants for harmonic distortions of an individual polymer segment of length l c . At zero temperature, the force constant for longitudinal stretch of the segment is k ,µ ∼ µ/l c , and that for transverse deflection is k ⊥ ∼ κ/l 3 c (ignoring numerical factors). Thus the ratio l bend /l c ∼ k ⊥ /k ,µ characterizes the relative strength of bending and stretching of this particular segment of length l c at low temperature. At finite temperature, thermal undulations of the filaments induce an effective series spring constant k ,th ∼ k B T l 2 p /l 4 c that results from pulling out thermal undulations [13, 15, 17] . At any given temperature, the physical parallel inverse spring constant is simply k
,th so that k ,th dominates at high temperature and k ,µ at low temperature. The ratio l c /l p ∼ k ⊥ /k th characterizes the relative ease of stretching vs. bending of this segment at high temperature. Finally, L/l c measures the connectivity of the network.
Here we investigate the harmonic elasticity of a model filamentous network on a bond-diluted triangular lattice with lattice constant a which is the mesh length l c . Polymers correspond to lines of connected, occupied colinear bonds and crosslinks to sites at which two polymers to crosslinks. We use a model elastic energy obtained by discretizing the contrinuum model of Eq. (1) on our triangular lattice. To simplify notation, we use µ/a ≡ µ/l c to represent the full k rather than k ,µ only, and we set
c . Thus the elastic energy for a deformation that maps the position of lattice sites ℓ from r ℓ to R ℓ = r ℓ + u ℓ can be written into the stretching part and the bending part
where u ℓℓ ′ ≡ u ℓ ′ − u ℓ ,r ℓℓ ′ is the unit vector pointing from site ℓ to nearest-neighbor (N N ) site ℓ ′ in the reference state (i.e., the state with u ℓ = 0 for all ℓ), g ℓ,ℓ ′ is equal to one if the N N bond ℓ, ℓ ′ is occupied and zero if the bond is empty, θ ℓℓ ′ ℓ ′′ is the angle between bond ℓ, ℓ ′ and ℓ ′ , ℓ ′′ in the deformed state as shown in Fig. 2 (b), with r ℓ , r ℓ ′ , and r ℓ ′′ along a line. The stretch spring constant µ/a is defined on each N N bond, and the bending constant κ/a 3 is defined for each next-nearestneighbor (N N N ) bond along a straight line (i.e., in the same filament). We have used the fact that the filaments are straight (θ = 0) in the reference state sor ℓℓ ′ =r ℓ ′ ℓ ′′ . There is an important distinction, which will be of importance in our development of an effective-medium theory, between the stretching energy E s and the bending energy E b . The former is a sum of energies on individual bonds ℓ, ℓ ′ connecting N N sites ℓ and ℓ ′ , whereas the latter is a sum of energies on the pair of connected bonds ℓ, ℓ ′ and ℓ ′ , ℓ ′′ or, alternatively, on a phantom N N N bond connecting sites ℓ and ℓ ′′ . This phantom bond is not an independent connection; it is only present and resists bending if both bonds ℓ, ℓ ′ and ℓ ′ , ℓ ′′ are occupied. We will have more to say about this in Sec. V when we discuss the relation of our work to that of Refs. [34] and [36] .
Upon dilution, each of the bonds is present with a probability p, and the resulting lattice corresponds to a random network of semiflexible filaments of finite random lengths L, whose average as a function of p is L = 1/(1 − p) [35] . if the origin is marked by 0. (b) Illustration of the bending energy term 2b. The green curves correspond to the filament by requiring that it has to pass through lattice sites ℓ, ℓ ′ , ℓ ′′ . The ratio of the bending elastic modulus of the darker green segment and the lighter green segment is κ1/κ2 = 3. The bending energy term at site ℓ ′ is proportional to 2
determined by minimizing the elastic energy.
III. EFFECTIVE MEDIUM THEORY
We study the elasticity of our network using an effective-medium approximation [27, 28] that maps the random network to an effective-medium uniform lattice in which all bonds are present with respective stretching and bending constant µ m and κ m , which are determined self-consistently. This approximation has been shown to be a powerful tool for the calculation of properties of random systems, from the electronic structure of alloys [27, 46] to the elasticity of random networks [29, 47] . It is straightforward to write the elastic energy ∆E of this uniform effective medium lattice in terms of the dynamical matrix, D q :
where the Fourier transform of u is defined as
and the dynamical matrix can be written as a sum of the outer product of the stretching and bending bond vectors
where
withê n the unit vector along bond n defined in Fig. 2(a) andê ⊥ n the unit vector perpendicular toê n . The sum is over the three bonds in one unit cell for B s or the three pairs of bonds for B b . We used the periodicity of the lattice to obtain this translationally invariant form as will become clear when we discuss the perturbation calculation below.
In the long-wavelength limit, the energy of our undiluted harmonic triangular lattice reduces to the elastic energy of an isotropic 2d medium,
where u is the linearized symmetric Cauchy strain tensor with Cartesian components u ij ,λ andμ are the Lamé coefficients,λ =μ = ( √ 3/4)(µ/a), which depend only on µ and not on κ. The bending constant κ only appears in the O(q 4 ) terms in this elastic energy. The effective medium is characterized by a stretch spring constant µ m that has the same value on every N N bond and a bending constant κ m that has the same value on every N N N phantom bond along a line. The self-consistency conditions determining µ m and κ m are treated differently. In the dilution procedure, bonds are removed with probability 1 − p. In the process, a bond with spring constant µ m is replaced by one with spring constant 0, and the scattering potential relative to the effective-medium state arising from this replacement is proportional to µ−µ m if the bond is occupied and −µ m if it is vacant. Bending couples N N N sites along a line and must be treated differently. Consider two bonds along a line, ℓℓ ′ and ℓ ′ ℓ ′′ , sharing a common site ℓ ′ and composed of rods with respective one-dimensional bending moduli κ 1 and κ 2 defined in Eq. 2 ) −1 that reduces to κ 1 if κ 1 = κ 2 and 0 if either κ 1 or κ 2 = 0. An example of the energy minimizing bending configuration is shown in Fig. 2(b) . We derive the effective bending constant of this composite bond in App. A.
Consider sites ℓ 0 , ℓ 1 , ℓ 2 , and ℓ 3 along a line. The removal of the central bond ℓ 1 ℓ 2 will modify the bending modulus of that bond and thus the bending energy of both N N N phantom bonds ℓ 0 ℓ 2 and ℓ 1 ℓ 3 containing the N N bond ℓ 1 ℓ 2 . Thus, the bending modulus relative to that of the effective medium of both these N N N phantom bonds is κ c (κ s ) − κ m , where
where κ s = 0 if the bond ℓ 1 ℓ 2 is absent and κ s = κ if it is present. In the latter case κ c = 2κκ m /(κ + κ m ) is a nonlinear function of κ and κ m . With these rules, we can write the perturbation to the dynamical matrix resulting from the replacement of one bond as
where we have chosen to replace the bond between the two sites r 0 = 0 and r Fig. 2(a) . The replaced stretching spring constant µ s and bending modulus κ s follow the probability distribution
In this study we are primarily concerned with the static properties of the effective medium, which is characterized by the zero-frequency phonon Green's function
When one bond of the effective medium is replaced, D → D+ V, and the Green's function is given by the following expansion
where the T matrix is
In EMT, the effective-medium elastic parameters µ m and κ m are determined by requiring that the disorder average of G V be equal to G of the effective-medium uniform lattice with stretching and bending constants µ m and κ m . This is equivalent to requiring that the disorder average,
of the T-matrix vanish.
In traditional EMT with no bending modulus, the only elastic parameter is the stretching spring constant µ m , and one can simplify the T matrix by making use of the equation
where f is a scalar function. However, in this case with bending energy terms, which couple the replaced bond with two neighboring bonds, the product V q,q1 ·G q1 ·V q1,q ′
Here we develop a new variation of the EMT to solve this self-consistency equation (14) . In this method, we introduce an effective medium coupling between neighboring bond pairs along filaments that share a bond, e.g., B
where the tilde marks the addition of the λ m coupling.
Cross terms such as B On the other hand, the λ m coupling terms also need to be added to the dynamical matrix
and the Green's function is modified toG = −D −1 . By writing the T matrix as
the self-consistency equation takes the form
Multiplying by (Ṽ −1 (µ, κ) −G) on the left and by (Ṽ −1 (0, 0) −G) on the right we arrive at
This equation can be solved in the space of {|B
To do this we define the notation
From the definition ofG it is straightforward to see that H only depends on the ratios b m ≡ κ m /µ m and l m ≡ λ m /µ m . We then project H to this basis
with
where we have defined the inner product as an integral over the first Brillouin zone and the factor v is the volume of each unit cell in real space. Similarly,
and
As we mentioned earlier, couplings between B s and B b terms vanish in the dynamical matrixD, becauseD is even in momentum q. As a result, the projections B 3. For small κ/(µa 2 ), there is an interesting and nontrivial crossover near p CF whereas for large κ/(µa 2 ), memory of the CF threshold is effectively lost and µ m rapidly reaches value near its saturation value µ for p > p b . 4 . κ m vanishes as p → p b and rises smoothly to its saturation value κ without any evidence of crossover behavior near p CF .
5. λ m vanishes at p b and in the undiluted lattice (p = 1), which it must by construction. It exhibits crossover behavior near p = p CF for small κ/(µa 2 ).
In what follows, we discuss analytic expressions derived from Eq. (20) that captures these behaviors. of κ as
where c 1 and c 2 are constants determined by the architecture of the lattice and are independent of p or κ/(µa 2 ), and both κ m and λ m are linearly proportional to µ m for small δp with corrections of order δp 2 . The linear dependence on δp of these quantities is what one would expect from and EMT. The prefactor, shows important dependence on κ. When κ/(µa 2 ) ≪ 1, µ m is linearly proportional to κ and independent of µ whereas for κ/(µa 2 ) ≫ 1, µ m is linearly proportional to µ and independent of κ. Thus the system behaves as if the it consists of a "bending spring" with spring constant κ/a Fig. 3 .
B. Behavior near p = pCF
We show in App. B that in the vicinity of the CF rigidity threshold at small κ, the effective medium spring constants for given ∆p ≡ p − p CF adopt the scaling forms
where φ = 2, (26a)
where A ≃ 2.413 and B ≃ 1.520 are constants evaluated in App. B. These scaling relations are analogous to that found in random resistor networks with two different types of resistors [38] , and central force spring networks with strong and weak springs [37] . Plots of the numerical results in these scaling forms are shown in Fig. 6 along with the above analytical result. These scaling relations can also be expressed in terms of the mean filament length
Thus, the scaling exponents for functions expressed in terms of L are the same as those expressed in terms of p.
Macroscopic elasticity of the effective medium can be described by the Lamé coefficients, which are both linearly related to µ m , as we discussed in Eq. (7). Thus, the asymptotic forms of µ m can characterize different elastic regimes of the diluted lattice: . These crossover regimes correspond exactly to those found in Ref. [37] using known behavior of the density of states and mode structure of systems near the CF isostatic limit and general scaling arguments.
Thus, it is straightforward to see that above the crossover regime, the macroscopic elastic moduli are proportional to µ, indicating that the elasticity of the network is dominated by stretching energies, whereas below the crossover regime, the moduli are proportional to κ, indicating that the network elasticity is dominated by bending energies, in agreement with the fact that the system is below the central force isostatic point. Interestingly, in the crossover regime near p CF , the macroscopic elastic moduli is proportional to µ 1/2 κ 1/2 , corresponding to strong coupling between both stretching and bending modes.
These observations indicate a phase diagram as shown in Fig. 1 . There is a rigidity transition between the state with no rigidity (vanishing elastic moduli) and rigid state at p b . Above this rigidity transition and at small filament bending stiffness κ, the elasticity of the diluted filamentous lattice is controlled by a crossover at the central force isostatic point p CF . For large bending stiffness (κ ∼ µa 2 ) the system directly enters the stretching dominated affine elastic regime as p is increased.
V. DISCUSSION
Two other approaches produce results similar to ours, and we briefly review compare them to ours.
In references [34] and [36] , Das et al. present an alternative EMT for systems with both stretching and bending forces. The first of these reference fails to identify either the new rigidity threshold at p b and the wide bend-stretch crossover regime near p CF , but the second does. Stretching forces are easily described by CF springs, which reside on bonds, each of which can have a distinct spring constant, whereas bending forces effectively reside on phantom N N N bonds. Because removing one N N bond from a pair defining a phantom N N N bending bond effectively removes that phantom bond, , and (c) show rescaled plots of the EMT solutions µm, κm and λm using the scaling forms (25a) for µ = 1 and κ = 10 −2 , 10 −3 , 10 −4 , 10 −5 , 10 −6 , with color code the same as in Fig. 3 , and exponents taking the value as in Eq. (26a). The thin black lines represent the asymptotic forms (27a) for small κ as solved in App. B. The brown dash-dotted lines, the thick blue solid lines, and the purple dashed lines plot the functional form of µm obtained in the crossover, the stretching-dominated, and the bendingdominated regimes of Eq. (28), respectively. bending and stretching are not independent in the diluted lattice. This presents real challenges for the development of a consistent bend-stretch EMT. Our approach to this problem appeals to the underlying polymer nature of our model in which constituent polymers are endowed with local stretching and bending moduli µ and κ. We can modify these moduli along any bond. Different stretch moduli lead to independent effective CF stretch force constants k || for each bond. Modification of the bending modulus κ on a given N N bond, however, modifies the bend force constant k ⊥ for both phantom N N N bonds that that N N bond partially defines in the manner described above. With this approach, we develop a consistent EMT that includes the statistical correlation between bend and stretch. Das et al. ignore this correlation and assume that a stretch spring on a given N N bond can be removed without affecting the bending energy on the phantom N N N bonds that include that N N bond and that bending springs on the phantom N N N bonds can be removed without affecting the stretch springs on the two bonds that define the N N N bond. In other words, the phantom bond is effectively elevated to a real bond with existence independent of the underlying N N bonds. In general, the N N N bonds can be present with with an arbitrary probability q and absent with probability 1 − q.
To provide an approximate description of the constraint that the phantom bond does not exist unless both of the N N bonds defining it are present, Das et al. assign a probability q = p 2 (p is the probability that a N N bond is occupied) to the occupancy of a N N N bending bond, but continue to treat the N N and N N N bonds as statistically independent. Again the result is a set of closed self-consistent equations for µ m and κ m . Both approaches yield p CF = 2/3 in good agreement with simulations [35] , which yield p CF = 0.651. Our approach yields a value for p b (0.56) that is well above that (0.445) observed in simulations [35] whereas that of Ref. [36] yields a value (p b = 0.4) in good agreement with simulations. Both approaches yield a nontrivial bend-stretch crossover in the vicinity of p CF in qualitative agreement with simulations. Our approach gives values of the shear modulus in the crossover region of the same order of magnitude as seen in simulations whereas that of Ref. [36] finds values 1.5 to 2 orders of magnitude higher at small values of κ.
In Ref. [37] , Wyart et al. consider random off-lattice elastic networks derived from two-dimensional packings of spheres [48] with a cordination number above the Maxwell CF isostatic limit of z = 4 in which CF springs are assigned to each sphere-sphere contact. They use numerical simulations to study the nonlinear relation between shear stress σ and shear strain γ as springs are cut, thereby reducing z, and they find a scaling relation σ = γ|δz|f (γ/|δz|), where δz = z − 4, f (x) → const. for x → 0 + , f (x) → 0 for x → 0 − , and f (x) ∼ x for x → ∞. This scaling form predicts σ ∼ γ for δz ≫ γ > 0, σ = 0 for δz ≪ −γ < 0, and σ ∼ γ 2 for γ ≫ δz. Reference [37] then provides a theoretical justification for this behavior based upon the existence of a plateau in the density of states [49] above ω * ∼ δz and reasonable assumptions about statistical independence of eigenvectors associated with different normal modes in the isostatic network [50] and about the nature of nonaffine response of nearly isostatic systems. Finally, they extend this line of reasoning to nearly isostatic systems with extra weak bonds and find three regimes of elastic response that are identical to those we identify in Eqs. (25a) to (27a) if the weak bonds are of a bending type.
To summarize we developed a new effective-medium theory that can include bending energy of filaments, and we used it to study the development of rigidity of a randomly diluted triangular lattice with central force springs on occupied bonds and bending forces between occupied bond pairs along a straight line. We obtained a rigidity threshold for positive bending stiffness and a crossover, controlled by the isostatic point of the central force triangular lattice, characterizing bendingdominated, stretching-dominated, and stretch-bend coupled elastic regimes. Acknowledgments-We are grateful to C. P. Broedersz and F.C. MacKintosh for many stimulating and helpful discussions. This work was supported in part by NSF-DMR-0804900.
Appendix A: Bending of a composite rod
In this Appendix we solve for the effective bending rigidity of a composite rod. We solve this problem using a simple setup shown in Fig. 7 . We assume that there is a bond of bending rigidity κ 1 connecting points ℓℓ ′ , and a bond of bending rigidity κ 2 connecting points ℓ ′ ℓ ′′ , with points ℓ, ℓ ′ , ℓ ′′ hold in positions
respectively in space, without losing generality. We then calculate the shape of the bonds which minimize the elastic energy given these fixed end points, treating the bonds as elastic rods. In addition we assume that the stretching stiffness is much greater than the bending stiffness so we can ignore the length change of the bonds. The elastic energy of a bond is then simply the bending energy of a rod with bending stiffness κ
where we have assumed small deformations so the elastic energy takes the form of an expansion in small h(x). The variational condition that a configuration minimizes this elastic energy is
Therefore, we can assume the shape of the two bonds
where the first line corresponds to the bond between ℓℓ ′ , and the second line correspond to the bond between ℓ ′ ℓ ′′ . This form already satisfies the condition that the two bonds are connected and smooth at their conjunction x = 0. We have two boundary conditions at x = −1 and x = 1
Under these boundary conditions we minimize the total elastic energy of the two bonds
This calculation leads to the minimum elastic energy
In the above calculation, if we assumed that both of the two bonds are of bending stiffness κ eff , we get
Therefore we arrive at the effective bending stiffness of the composite rod
which reduces to κ 1 if κ 1 = κ 2 as we expected. In this Appendix we solve the EMT self-consistency equation [Eq. (20) ] asymptotically near p CF at small κ. In the zeroth order, κ = 0, and the problem reduces to that of a central force rigidity percolation. We expand the equation around this point and solve for the effectivemedium spring constants asymptotically in small κ.
To obtain the asymptotic solution, we rewrite the EMT self-consistency equation [Eq. 
To zeroth order, κ = 0, we obtain H 1 (0, 0) = p CF = 2d/z = 2/3 from the fact that all bonds are equivalent, and Eq. (B2) reduces to the EMT equation for centralforce rigidity percolation. As κ becomes positive, µ m increases, b m and l m become nonzero, and the rigidity threshold jumps to a lower value p b as shown in Fig. 3(b) . For small κ, we have κ/(µa 2 ) ≪ 1, and can assume that b m , l m ≪ 1 (which we will verify later), and we find that to the leading order the 3 Eqs. (B2), (B3), and (B4) become
where H 1,1 (0, 0) = ∂H 1 /∂b m | bm=0,lm=0 ≃ −2.413 and H 3 (0, 0) = 1.520. From these relations, we find that at p = p CF
indicating that µ m ≫ κ m ≫ λ m and thus b m , l m ≪ 1 as we assumed. Using these relations, together with the fact that as κ → 0, µ m → p − p CF , we arrive at the scaling relations
κ m = µa 2 |∆p| 2 g 2,± κ a 2 µ|∆p| 2 ,
λ m = µa 2 |∆p| 3 g 3,± κ a 2 µ|∆p| 2 ,
where ∆p ≡ p − p CF . These scaling forms agree well with our numerical solutions (See Fig. 6 ).
Thus the number of floppy modes in the network is given by
where N f is the total number of filaments and N c is the total number of constraints in the network. Upon dilution, N f increases and N c decreases, and thus N 0 becomes positive at the threshold occupancy probability p b .
To calculate the number of filaments N f , we use the fact that the average length of the filaments is [35] 
Consider a straight line in the lattice (which would be one whole filament if p = 1) with N b bonds, the mean number of filaments in this line N f satisfies the equation
Thus we get the mean number of filaments per lattice site
